TWO POINT EXTREMAL GROMOV-WITTEN INVARIANTS OF 
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Abstract. Given an algebraic surface X, the Hilbert sclieme Xl"! of n-points 
on X admits a contraction morphism to the n-fold symmetric product X^"' 
with the extremal ray generated by a class /3n of a rational curve. We determine 
the two point extremal GW-invariants of Xl"! with respect to the class df3n 
for a simply-connected projective surface X and the quantum first Chern class 
operator of the tautological bundle on X . The methods used are vertex 
algebraic description of H* [X^"^), the localization technique applied to X = 
P'^, and a generalization of the reduction theorem of Kiem-J. Li to the case of 
meromorphic 2-forms. 



1. Introduction 

The Hilbert scheme Xl"! of n-points of an algebraic surface X is a crcpant reso- 
lution of the n-fold symmetric product X^"). The extremal ray of the contraction 
map tt: X^"! X*^") is generated by the class of a rational curve /3„ in X^"!. The 
fc-point extremal Gromov-Witten invariants on X^"! is defined by 

{A\...,A'')^i^^= [ eu*(Ai®...(g)A'=), eiJ*(X["l,C). 

' ' ^[OTo,k(X["lci)]""- 

When X is a simply-conncctcd projective surface, the 1-point extremal Gromov- 
Witten invariants of X^"] are computed in [L-Q]. The main goal of this paper is to 
compute the 2-point extremal Gromov-Witten invariants of X ["1 . 

Besides its own interest, this research is motivated by the following two reasons. 
The first comes from a conjecture of Y. Ruan. Since 

Xin) ^ X'^/Sn is an orbifold, 
one may ask a McKay correspondence type question relating the cohomolgy ring 
of with the orbifold cohomolgy ring of X^^"^. The orbifold cohomology ring 
H^j^{X" / Sn) was defined by Chen and Ruan in [C-R] (see also [AGV]). Using the 
extremal Gromov-Witten invariants, Ruan defined a "restricted" quantum coho- 
mology ring of the Hilbert scheme Xl"! and conjectured in [Ruan] that 
i?*^(X"/5„) is isomorphic to as rings (see also [B-G]). The orbifold 
cohomology ring iJp^(X"/S'„) was computed by Fantechi-Gottschc and Uribe in- 
dependently in [F-G, Ur]. Thus the complete determination of the cohomology ring 
of depends upon the computation of the extremal Gromov-Witten invariants 
on XN. 
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The other motivation is the vertex algebraic nature of the cohomology ring of 
Grojnowski [Gro] and Nakajima [Nal] discovered that the direct sum of the 
cohomology groups of X^^^ over all n is a highest weight irreducible representation 
of a Heisenberg algebra. From the work of Lchn [Lchn], Lehn-Sorger [L-S], Li-Qin- 
Wang [LQW], and Costello-Grojnowski [C-G] on the cohomology ring of X^"!, the 
ring structure of X^"! can be understood via Chern characters of the tautological 
bundle on X^"! twisted by cohomology classes of X. In particular, the first Chern 
class of the tautological bundle plays a fundamental role. The right viewpoint is 
that the first Chern class should be regarded as an operator on the cohomology 
group via the cup product. The operator is determined by Lehn in [Lchn] 
expressed in terms of Heisenberg operators. In the same spirit, to understand the 
quantum cohomology ring H*{X^"'^), one needs to study the quantum first Chern 
class operator, which comes from the first Chern class acting on the cohomology 
group of via the quantum product in This is equivalent to computing 

the two-point extremal Gromov-Witten invariants. When X is the complex plan 
equipped with a torus action, the full equivariant quantum cohomology ring of 
is determined in [0-P]. The method used there is via localization, and the 
key is to compute the quantum first Chern class operator. In this paper, we shall 
determine the quantum first Chern class operator when X is projective and simply- 
connected. As a consequence, the two point extremal Gromov-Witten invariants 
are determined. 

The main technique used in this paper is a generalized version of the reduction 
theorem of the virtual cycle of the moduh space DJlg^k{X^^\d) of stable maps to the 
Hilbert scheme X'"'. The reduction theorem was first observed by Lee and Parker 
in symplectic geometry. The algebro-geometric treatment of it was done by Kiem 
and the first author in [K-L]. The original theorem deals with projective surfaces 
X with a holomorphic two-form. In order to cover general surfaces, we extend the 
reduction theorem to cover the case where only meromorphic sections of flj^ are 
used. We now briefiy outline the argument used in this paper. 

The Hilbert scheme X^"! contains a rational curve 

{^xo + Xl + . . . + Xn-2 e I Supp{^:ro} = Xq} , 

where Xq, xi, . . . , Xn-2 are fixed points on X. This curve is a generator of the 
extremal ray of the contraction map 

tt: — >X^"'>. 

Let /3„ represent the class of this curve in H2{X^^\ Z). 

A stable map ip e Tlg^k{X^^^\d) can be factorized through the product of punc- 
tual Hilbert schemes 

where (/3*(C) ~ dj3n and (pi is a morphism from C to the punctual Hilbert scheme 
Xp"'' consisting of closed subschemcs of X of length ni supported at a fixed point 
Pi- 

Suppose X admits a holomorphic 2-form 6. The reduction theorem basically 
says that the virtual cycle [3Jtg^fc(X["l, d)]""^^ is a homology class of a much smaller 
space consisting of stable maps (p satisfying that for each i, either ipi is a constant 
map or its support pi lies in the vanishing locus of 9. To extend the reduction 
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theorem to an arbitrary projective surface, we have to consider nicromorphic two- 
forms on X. The main part of the section §4 is to prove the reduction theorem for a 
general surface. The conclusion is similar except wc replace the vanishing locus of a 
holomorphic two-form by the zero locus and pole locus of a meromorphic two-form. 

Using the reduction theorem, wc conclude that the two-point extremal Gromov- 
Witten invariants satisfy a universal formula with universal coefficients to be deter- 
mined. To get the explicit expressions for the universal coefficients, we study the 
equi variant two-point extremal Gromov-Witten invariants on the projective plane 

equipped with a torus action. Using the localization, the computation is reduced 
to that on the complex plane which was done by Okounkov and Pandharipande 
in [0-P]. By the divisor axiom in the Gromov-Witten theory, we also get the for- 
mula for the quantum first Chern class operator expressed in terms of Heisenberg 
operators. 

In this paper, all the homology and cohomology classes on X'"! are expressed in 
terms of Nakajima's basis. Let ai{a) be the Heisenberg operators on the direct sum 
of the cohomology of Hilbert schemes Xl"! over all n, where a is a cohomology class 
on X. Let M{q) be the quantum first Chern class operator ci(0["l)U7r where Ol"' 
is the tautological bundle on and U^r is the extremal quantum cup product 
defined via extremal Gromov-Witten invariants. We have the following theorem. 

Theorem 1.1. As an operator, the quantum first Chern class operator M{q) can 
be expressed in terms of Heisenberg operators as 



Again by the divisor axiom in the Gromov-Witten theory, the two-point extremal 
Gromov-Wittin invariants of X^"! is thus completely determined. As a corollary, 
Ruan's conjecture that 



is also verified for two-point case. 

The paper is organized as follows. In Section two, we review some basic facts 
and notations about cohomology of the Hilbert scheme X^^\ especially 

Nakajima's treatment of i?*(X["l). We review the extremal Gromov-Witten invari- 
ants of Hilbert schemes. In Section three, we generalize the reduction technique 
via holomorphic two-forms of [K-L] to the case of meromorphic sections. In Section 
four, we prove the universality of two-point extremal Gromov-Witten invariants 
of Xl"] based on the reduction theorem. As the result, the mentioned Gromov- 
invariants only depend on certain universal coefficients. In the next two Sections, 
we study the operator M{q) and determine these universal coefficients by work- 
ing on the projective plane with a torus action. We achieve this by using the 
localization technique to reduce to the computation of equivariant Gromov-Witten 
invariants on the complex plane, which was already done in [0-P]. In Section seven, 
we determine the explicit formula for the quantum first Chern class operator and 
the two-point extremal Gromov-Witten invariants of the Hilbert scheme. Wc also 
verify Ruan's conjecture for two-point case. 



M{q) 




kj>0 
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2. Preliminary on Hilbert schemes 

2.1. The cohomology groups i7*(X["l,C) of the Hilbert scheme. For a smooth, 
simply-connected projective surface X, we let Xl"! be the Hilbert scheme of length-n 
zero dimensional subschemes of X. The Hilbert scheme Xl"! is smooth; its Hilbert- 
Chow morphism tt: xI"! — » X*^"' is a crepant resolution of the symmetric product 

It is known that the cohomology groups of X^"! form an infinite dimensional 
vector space 

cxD An 

= 00ijfe(x["l,C) 

n=0 k=0 

that is the highest weight irreducible representation of a Heisenberg algebra 

{ai(a)}iez,Qeff*(^) 
of which the operators 0^(0;) satisfy the Heisenberg commutation relation 



[a^{a),a0)] = -i5,+j.a a U /3, (2.1) 
Jx 

and the highest weight vector 

|0) = 1 e i7"(pt,C). 

We also know the generators of the vector space H*{X^'^\ C): it is generated by 
elements of the forms 

A" ^ A" {ai, . . . ,ar) = a-,,,{ai) . . .a-^MvM 

where v. vi > 1^2 > ... > Vr m a partition of n and ai, . . . , are cohomology 
classes of X. 

The same results hold for the homology groups of X'"'. The infinite dimensional 
vector space 

00 4ti 

^x = ^^Hk(X^^KC) 

n=0 k=Q 

is the highest weight irreducible representation of a Heisenberg algebra 

{ai(e)}iez,e6H.(^) 
where the operators ai{e) satisfy the Heisenberg commutation relation 

[a,(e), a,(e')] = -t6^+,,o f PD-'e U PD-^', (2.2) 
Jx 

and the highest weight vector 

|0) = iei?o(pt,C). 

The homology group H,,{X^^\ C) is also generated by classes 
A^ = A^{ei, . . . ,er) = a-^^{ei) . . . a-^^{er)\Q). 
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It is known that PD^^A^ = A" if we take = PD^^a. 

The homology class Ai, has a geometric description. If we represent et by geo- 
metric representatives Zi C X, then Ai,{ei, . . . ,6^) is a multiple of the closure of 
the set 

{^i + ...+Cre I Supp(e,) = X, e Z,, X, ^ X, for z ^ j; = m,} 

One more useful remark: under the pairing (A'^, A^) — J A'^UA'^, the operator 

ai{a) is the adjoint operator of (— l)'a_i(a). 

A convention used through out the paper: for a subvaricty y of a variety X, we 
use [Y] to represent the cohomology class in H*{X) dual to Y. 

For the details of the results quoted here, the readers can consult [Na2]. 

2.2. Extremal Gromov-Witten invariants of Hilbert schemes. It is known 
that the Hilbert-Chow morphism tt: X^"! X'"^ contracts the curve class /3„ 
mentioned in the introduction; the class /?„ also spans the extremal ray of the 
morphism tt (sec [LQZ, V]). 

In this paper, we shall investigate the moduli space of genus zero stable mor- 
phisms to with a d- multiple of the extremal curve /?„ as the fundamental class; 
we denote this moduli space by ^fflo,k{X^"\ d), where k stands for the number of 
marked points on the domains of the morphisms. The fc-point extremal Gromov- 
Witten invariants are defined via 

(A\...,A'')^.,^ [ ew*(Ai(8)...®^'=), ei?*(x["l,C), (2.3) 

where ev: 9}lo,fc(^["l , d) ^ ^'"I X ... X is the evaluation map at k marked 
points. 

Using the extremal Gromov-Witten invariants (2.3), Ruan in [Ruan] defined an 
extremal quantum cup-product structure on H*{X^"^) as follows: by denoting 

{A\A\A^)J,) = Y.{^\A^AX^^^.q^ 

d>0 

and denoting 

{A\A',A^)^^ = {A\A',A^)Jq)U=.„ 

he defined the quantum corrected cup product A^ Utt A^ by 

(A' A^,A') = (A^ U A^A^) + {A\A^A^)^^. 

The cohomology group H*{X^^^) with so defined quantum product is denoted 
by i/;(XW). 

Chen and Ruan defined a ring structure on the orbifold cohomology group 
H*j.ij{M/G) of the quotient of a manifold AI by a finite group G. We denote this 
cohomology ring by H^j^{M/G). Applying this to the quotient = X"/S'„, 

we obtain the Ghen-Ruan orbifold cohomology ring i/^^(X'^")). The cohomologi- 
cal crepant resolution conjecture formulated by Ruan that relates the Ghen-Ruan 
cohomology ring of an orbifold with the quantum corrected cohomology ring of its 
crepant resolution, in the case of Hilbert schemes, is of the following form: 

Conjecture 2.1 (Ruan). i?5^(X(")) ^ H;{X^'"^) as rings. 
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Since the ring was computed in [F-G, Ur], to verify this conjecture, 

we need to derive an explicit form of the quantum corrected cohomology ring of 
which will be the task of the most of the remaining sections. 

3. The reduction Lemma 

Our approach relies on the reduction theorem of the virtual cycle of the moduli 
space DJlg^k{X^"\ d) observed by Lee-Parker in symplcctic geometry. The algebro- 
gcometric treatment is the localization technique worked out by Kiem and the first 
author in [K-L]. To begin with, we suppose the surface X admits a non-trivial 
holomorphic differential two-form 9 G T{n'j^). Then following Beauville, 6 induces 
a holomorphic two form 0'"] of the Hilbcrt scheme X^"\ and by the result of [K-L], 
it defines a regular cosection of the obstruction sheaf of 9Jt = DJlg {X 1"! , d) : 

77 : ^ Om- (3.1) 

Here O&gji is the obstruction sheaf and O^m is the structure sheaf of VJl. We remark 
that marked points don't play any role here. For simplicity, we only consider the 
case without marked points. 

This cosection reduces the virtual cycle of 971 to a smaller subset of it. 

Lemma 3.1 ([K-L]). Let A C 9Jl 6e the loci of points over which rj fails to be 
surjective. Then the virtual cycle [9Jl]"' G if* (A). 

To identify the vanishing loci of rj, we recall the vanishing criterion stated in 
[K-L]: 77 vanishes at (ys G JDt if the image of (p* : TCreg TX^"^ lies in the null 
space of 

0[n] . rj.j^[n] ^ T^X["1. (3.2) 

To pinpoint such (p, wc notice that because of our choice of the fundamental class 
of stable morphisms under investigation, the composite of any ip E ^)Jl with the 
Hilbert-Chow morphism 

TT : ^["1 — > (3.3) 

is a constant map. Let 

Spt-.m — > a:(") 

be the induced map. Then in case Spt(iy9) = 'Y^^ UiPi, the morphism f factors 
through the product of punctual Hilbcrt schemes: 

^ = (^1, ■■■ ,^i):C^ n47'l c (3.4) 

[n] 

in which each ipi is a morphism from C to the punctual Hilbcrt scheme Xp^ . 
(Here, A"],™' is the prcimage n^^lmp) of mp G A"*-™^.) In the following, we call the 
collection ip = (ipi) the standard decomposition of ip and call pi the support of ipi. 
Note that the collection {(pi} is canonical except the ordering; the ordering depends 
on the ordering of points in Spt((^). 

Lemma 3.2. Let Ae C 9JI 6e the set of those ip E ^ whose decompositions ip — {(pi) 
satisfying that for each i either ipi is a constant or its support pi — Spt{ipi) lies in 
the vanishing locus of 9. Then the locus where rj fails to be surjective is contained 
in Ag. 
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Proof. Suppose ip G dJl lies in the vanishing loci of rj and suppose cp = (ipi) is its 
decomposition. By the criterion stated in [K-L], ri{ip) = if and only if ip^{TCreg) 
lies in the null space of ^I"' . Because at a zero-dim subscheme ^ that is a union of 
I mutually disjoint zero-dim subscheme S X^"'!, 

and the form 6'["1 is a direct sum of S^"'!. the image space (^*(TCreg) lies in the null 
space of 6'["1 if and only if ipi^{TCreg) lies in the null space of 6'["'1 for all i. Now 
suppose is supported at a single point pi. By the work of Beauville, the form 
5(["il is non-degenerate along X^'^ if pi ^ 6^^{0). Applying this to the support of 
ifi, we obtain the desired inclusion, thus proving the Lemma. □ 

This reduction Lemma is sufficient for our application in case we have a regular 
section 9 € H^{X,Kx)- For general surfaces, we might not have such sections. 
Instead, we will work with meromorphic sections of Kx and show that such sections 
will provide us the reduction lemma we need. 

To this end, we let 

/ : C — * and tt : C ^ m (3.5) 

be the universal family of As shown in [L-T], the obstruction sheaf Ohm of 
9Jl is a quotient sheaf of R}TT^f*TxM- We then pick a locally free sheaf £ that 
surjects onto R^7T^,f*TxM, of which the later surjects onto the obstruction sheaf 
Obfxn. We let E be the vector bundle on DJl whose sheaf of sections is £. Then the 
construction of virtual cycle provides us a cone cycle V € C^E whose intersection 
with the zero section of E gives rise to the virtual cycle [971]'^"'. 

Next, a meromorphic section 9 of Kx, viewed as a meromorphic section of il^fi 
induces a meromorphic section 9^"^ of , and hence a meromorphic homomor- 
phism 

77 : £ ^ Cot- 

We let Dq (resp. Doc) be the vanishing (resp. pole) divisor of 9. 

Adopting the proof of the previous lemma, we immediately see that the degen- 
eracy loci of 77: 

Deg{ri) ~ {(p £ DJl \ either 77 is undefined or fails to be surjective at tp} 

is contained in the set of all (p ~ (pi) such that either for some i the support of (pi 
is contained in Dq U Doo or for each i the map ipi is a constant. 

It is the purpose of the remaining section to prove the reduction Lemma, which 
says that the virtual cycle [OT]^"' lies in a much smaller set than Deg{ri). 

Proposition 3.3. Let Ag a dJl be the subset that consists of those ip G dJl whose 
decompositions ip = {ipi) have the property that for each i either Lpi is constant 
or the support of ipi lies in the union Dq U -Dqo- Then the virtual cycle is 
supported in Kg. 

We first investigate the behavior of 77 over where it is undefined. For this, we 
introduce a partition of the moduli stack 2Jl based on the standard stratification 
of X^'^\ Recall that the standard stratification of X'^"^ is indexed by the set of all 
partitions of 77,, and that to each partition A = (Ai > . . . > A;) the stratum X^ is 

I 

= {z = ^ Ai.T, e X*"^ \ xi, - • ■ ,xi e X are distinct}. 

i=l 
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Using preimages of the support map Spt:9Jl — > X*^"'' mentioned in (3.3), we obtain 
a partition of 9Jt indexed by A: Tlx = Spt^^(X^), each endowed with the reduced 
stack structure. 

To proceed, we shall split the maps in dJl\ into I individual maps. To achieve 
this, we need an ordering of the points occurring in the support of elements in X^. 
We let 

iPx X ••• xX(^') — 

be the map that sends {£,i,---,£,i)toJ2ii- Within the domain of we let B\ be 
the open subset of all (^i, ■ ■ ■ , Ci) such that the support of are mutually disjoint. 
Clearly, ipxiBx) = X^, and Va ^ is etale. 
Using Bx, we form Ux and the projection 

jx.Ux = my. Bx m- 

we let 

fx ■ Cx — > X'"!, TTx : Cx — > Ux 
be the pull back to lAx of the universal family / via jx ■ Because elements in Ux are 

('^,(6,...,6))eanxx(n, Bx 

with support Spt((y9) — ^ ^j, as in (3.4) (p canonically splits into I maps (tpi, • • ■ , Lpi) 
so that the support of (pi is ^i. Obviously, this construction can be carried over to 
the family fx- In this way, we obtain / morphisms 

fx.r ■■ Cx Xl^'l 

such that over each closed point (ip, (^i)) G Ux the morphism fx^i is the ipi alluded 
before. 

Next we look at the obstruction sheaf Ob^m- Recall that in constructing the vir- 
tual cycle we have picked a locally free sheaf £ surjects onto the sheaf i?^7r»/*73f [«] . 
As shown in [L-T], we can pick £ so that over each Ux, we have direct sum decom- 
position 

.fx£ = £x,i © • • • ® £x,i (3.6) 
and surjective homomorphisms 

^A,i > ^^^A*/A,i7^[Ail 

that fits into the following commutative diagram 

fx£ = £x,i ® ■ ■ ■ ® £x,i 

1 (3.7) 

jlR^TT\*f*TxM R^7rx.f*x.iTxi.,i ® • • • e R^irxJliT^i.^i 

We next look at the meromorphic homomorphism rj. Following its construction, 
77 is the composite 

£ — > R^n^f*TxM — > R^TT^f*QxM — ^ R^T^*^c/m — Cot 

in which the second arrow is induced by applying the third arrow by /* and 
the last isomorphism by Serre's duality. Similarly, replacing £ by £x,i and replacing 
f*Tjp^ by I we obtain a homomorphism 

Vx.i ■ fx^ -^^x.i — > R^T^x*fx,i'^xi^^i — ^ ^u^- 
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These individual (meromorphic) homomorphisms fit into the identity 

3\V = Vx,! H 

over where all make sense. 

We now let Axa C U\ be those {ip, (^i)) such that either cpi are constant or the 
supports Spt((^i) of ipi satisfy 

Spt{^p^) n {Do U Doo) ^ 0. 

Mimicking the proof in [K-L], we immediately see that each rjx^i is surjective away 
from Aa,;. Then applying results in [K-L], we obtain 

Lemma 3.4. Away from Ax^i, the pull back cone j*^N C j'^E is contained in the 
kernel of r]x,i. Namely, 

fN\u,-A,„ C ker{77A,. : J*xE Ou}- 

Proof of Proposition 3.3. First we shall transform the problem from stacks to schemes. 
Let A/" C f be the cone over 971 whose intersection with the zero section gives the 
virtual cycle [971]^''. We let Ma be the irreducible components of M with Cq its 
multiplicities. For each a, we let 7^ C 971 be the image stack of the projection 
Ma — > 97J; we pick a proper variety Ta and a morphism 

<i)a-Ta^Ta(im 

SO that (pa is generically finite. Since 971 has a projective coarse moduli space, such 
Ta does exist. 

We then let Ea be the pull back vector bundle (j)*a£, and let Na C Ea be the 
subvariety so that under the projection Ea E\y^ the variety Na maps generically 
finitely onto Ma- Since both Ma and Ta are irreducible, such Na is unique. Finally, 
we let Sa be the zero section of Ea ; let da be the degree of the map (f>a , which is 
identical to the degree of Na Ma . Then 

a 

The reduction Proposition will follow from the following reduction statement for 
each of the class s* [A^q]: 

s*a[Na]e H,iAa,Q), whcrc = C ' ( Afl ) • (3.8) 

Wc now prove this statement for any fixed a. We first cover Ta by open subsets 
Va so that each of its image (j>a{Va) is contained in the image of some Ux — * 971. By 
choosing 14 small enough, we can assume that 14 — > 97t lifts to (j)ax : 14 ^Ux- Using 
this, we can pull back the direct sum decomposition (3.6) and the meromorphic 
homomorphisms 77^,;: 

E^\v^ = Ca^a.i ® ■ • ■ © rax^x.i ^^^^ Ok ® ■ • ■ © Ok- 

We denote Ea.i = (l^lx^x.i and tj^a = (l)*axVx,i- 

Like what we have done in [K-L] , we shall pick (smooth) almost splittings of the 
above homomorphisms. To control the behavior of these splittings near (j)~^{AxA), 
we pick a small (analytic) neighborhood A\ ^ of Axa C Ux so that it deformation 
retracts to Axa- 

Over Va, we then pick a smooth section 6a,i G C°°(14, £^a,i) so that 

(1) C(o)^'^:a(Av); 
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(2) the support of Sa,i, which is the (analytic) closure of {Sa,i ^ 0}, is disjoint 
from <|)-l{Ax,^)■, 

(3) for w ^ Va with Sa,i{w) ^ 0, ?7a,i('5a,i(t«)) is a positive real number. 

By first picking a smooth section h of Ea.i over Va — 4'a\i^>^-i) that r]a,i o h = 1 
and then multiplying it by a cut off function, we obtain the desired smooth section 

Sa,i- 

Because of our choice of 6a,i, the section 

I 

i=l 

has the property that 

(1) Sa{w) = if and only if (5a,i(w) = for all i; 

(2) in case Saiw) ^ 0, then the fiber of Na over w, Na\w, lies in the kernel of 
Va,i{w) : Ea\w ^ C for all i of which Sa,i{'w) ^ 0. 

Therefore, away from ^~^(0) the cone Na\va lies in the kernel of Sa :Ea\va ~^ '^v^- 
Our last step is to pick a partition of unity ga-Va — > M-" of the covering {Va}; 
namely {ga > 0} d 14 (its closure in Va is compact) and X]a5" = 1 on Tq,. The 
sum 

Sg ^y^^ga ■ Sa 

a 

is then a smooth section of Eg. It is direct to check that away from 5a = 0, the 
cone Na is disjoint from Sa- This proves that 

S*a[Na] e H^iSaHO)). 

It remains to pinpoint the set 5~^(0). This time, because 'ria,i{Sa,i{w)) > 
whenever it makes sense, (5(w) 7^ if and only if for some a: ga{w) > 0. Then 
Saiw) = implies Sa.iiw) = for all i, which imply that w G f^i4'a\i-^x «)■ There- 
fore, Sa^{0) C Ua<Pa\{-^x)- Finally, because of our choice of A^^, we can retract 
^a(t>al{^l) to Aa = <Pa^ {Ag) in T„ . This provcs that s*a[Na] € i?,(A„). This 
proves the reduction Proposition. □ 

4. Universality of two point Gromov-Witten invariants 

In this section, we will use the technique developed in the previous section to 
prove a structure result on the two-point extremal Gromov-Witten invariants of a 
general algebraic surface. 

We consider the moduli space 9Jlo.2(^'"^ d) of two point genus zero stable mor- 
phisms to of the d- multiple of the extremal curve class /?„ as the fundamental 
class. To determine the two point Gromov-Witten invariants of this moduli space, 
we need to investigate all possible 

(^1,^2)^2"! for Ai,A2 e i/*(X["l). 

Using the reduction Proposition of the previous section, we shall prove in this 
section that, with Ai chosen among the Nakajima basis, all but a few such numbers 
vanish; and, for those that don't, their values only depend on the intersection of 
Kx with the relevant curve classes involved. 
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To this end, we shall first recall the Nakajima basis of H* (X^"! ) and their geomet- 
ric representatives. We let fi^, fj.^ and /j.^ be three partitions of lengths ^(/i^) = r, 
i{lJ^) = s and 1{^J?) — t; we write 

f^^: f^l> f^l> ■■■> f^l Im'H A^} + a4 + • ■ • + A^r 

and write /x^ and /i'^ accordingly. For the point class q e H^{X), curve classes 
Ci,--- ,Cs G H'^{X) and the fundamental class [X] g H^{X), the triple /i = 
{^j} , ^"^ , ix^) gives a cohomology class 

A':, = a_^;(q) . . . a_^i(q)a„^2(ci) . . . a_^2(c,)a_^3([X]) . . . a_^3([X])|0); (4.1) 

it is a class in if |/i^| + |(tt^| + |M'^l = By going through all possible and 

classes c^, the above form a basis of the cohomology groups of X^"!. To proceed, 
we keep one such homology class A^^ as in (4.1) and pick three more partitions A^, 
and A'^ of Icngthes a, b and c; pick curve classes ei, • • ■ , 65 e H^{X) and form 

= a_;,i(q) . . . a_Ai(q)a_A?(ei) . . . a_^i{e,)a_^.{[X]) . . . a_A3(m)|0). (4.2) 

Again, it is a cohomology class of X^"! if |A-'^| + |A^| + jA'^j = n. 

Our immediate task is to investigate the possibility of the vanishing of (A^ , )o 2 d' 
For this, we need the geometric representatives of the Poincare dual of A^ and Af^. 
We pick points qi, . . . ,qr,pi, ■ ■ ■ ,Pa in X; pick Riemann surfaces Ci and Ej that 
represent the Poincare dual of the classes and , respectively. Without lose of 
generality, we can pick these points and Riemann surfaces in general position that 
any subcoUection of them intersects transversally. Then the Poincare dual of Af^ is 
represented by 

= a_^; (gi) . . . a_,4 (<z,)a.^2 (Ci) . . . a_^2 (C,,)o_^3 {X) . . . a_^s (X)\0). 
A'^ is a multiple of the closure of the following subset of X^"!: 



C]GX[^}l,Supp(e3) = y, ex 

Supp(C|) = Xj e Cj, Supp(^j) = Qj 



Because the expected dimension of the moduli space 3Jlo,2(-'^'"^ rf) is 2?i — 1, 
(Ag, 2 ^ 7^ is possible only if 

degA^ + deg = exp. dimS[Ho,2(X'"', rf) = 2n - 1. 

Then because the operators a_fc(q), a_fc(ci) and a_fe([X]) increase cohomology 
degrees by 2k + 2, 2k and 2fc — 2 respectively, the cohomology degree of Af^ is 
2(n + £{fJ,^) — £{fi^)). Therefore, the above identity forces 

{ei\')-e{f,')) + {ii^,')-ii\')) = l. (4.3) 

Furthermore, by the reduction Proposition of the previous section, (Ag, Ac)o 2 d ^ 
only if for the set Ag defined there, with tt: XI"! X^"), 

Aenn-'iADnn-'iAD^^, (4.4) 
Proposition 4.1. Suppose d > and (Ag, Ac)o 2 ^' ^^^'^ 

£{X^) ^ + S and £{fj.^) ^ e{X^) + I - 6, for either S ^ or 1. 
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In case (5 = holds, then A"^ = /i^ as partitions; and there exists an integer I = 
juf = for some integers i and j such that the partition A^ is obtained from p,^ 
with £ deleted, and the partition pi^ is obtained from A^ with £ deleted. 

Proof. Since {A^,A'^)^^^ ^ 0, there is an (/, S) in the intersection (4.4). We let 
its support be the zero-cycle 

Spt(/) = riiiXi + • • • + m^Xk, Xi, - ■ ■ ,Xk distinct. 

Since / G n^^{A'^, there are three maps ui : [a] — + [k], U2 : \b] — » [k] and W3 : [c] — » [k], 
where [k] is the set of integers {1, ■ • • such that a;„j(i) = Pi, a^u2(i) ^ -^n that 
the coproduct 

Ul Um2 Uua : [a]]J[fe]]J[c] — > [k] (4.5) 

is surjective, and that 

E ^»'+ E E (4-6) 

ieti^^(i) iG«2"^(0 ieu3"^(i) 

For the same reason, since / G 7r^^(A^), we have maps ui, W2 and from [s], [i] 
and [r] to [fc]. respectively, such that Xy^^i^ = qi, Xy^^i) G Ci, that the coproduct 
fi U W2 U U3 is surjective, and that 

E E E (4-7) 

iG-Uj"^(;) iG-U2"^(;) ie)J3"'-(/) 

We first show that £{\'^) > £{lJ,^). Indeed, since gi, • • ■ ,qr are distinct, vi : [r] 
lm(vi) is an isomorphism. But then because of our general position requirement 
on the points pi and qj 's and of the Riemann surfaces Ci and i?i 's, qi, . . . , qr do not 
lie on El, . . . ,Eb, Im(wi) n (im(Mi) U Im(M2)) = 0- Hence Im(wi) C Im(M3) since 
wi U U2 U U3 is surjective. This proves 

£{f/) = #Im(t;i) < #Im(u3) < ^(A^). 

For the same reason, we have £{fJ.^) > £{X^)- Combined with (4.3), we obtain the 
first conclusion of the Proposition. 

Now suppose (5 = 0; namely, £{fJ.^) = ^(A'^), then all the identities above hold. In 
particular, U3 is an isomorphism [c] = Im(u3) = Im(z;i). 

We next show that Im(w3) = Im(ui) U {ko} for an integer ko G [k] — Im(wi). 
First, following the same reason as before, we have Im(ui) C Im(w3). Because 
#Im(Mi) = £{X^) and because £(A^)-|-1 = ^(/i'^), cither 1111(1)3) = Iiii(ui) or Im(u3) = 
Im(ui)U{fco} for an ko G [k] — Im(ui). We will show that only the later can happen. 

For this, we decompose / into k individual morphisms fi'.Y. X^'^ , where xi™' 
is the preimage of mx G X*^'"' under the Hilbert-Chow morphism X^™! X^"^\ 
Because 7r(/(E)) = ^WiXi, such decomposition is possible. Since d > 0, there is 
at least one ko so that fko is non-constant. By the characterization of Ag, this is 
possible only if Xfe„ G Do U Doo- Because of this, Xkg 7^ Pi's, and thus ko ^ Im(Mi); 
also fco ^ Im(u3) because Im(M3) = Im(wi). Thus there is an io G [b] such that 
U2{io) = ko. Thus Xkg G n {Do U Doo), which then exclude the possibility that 
Xko G Cj's. Hence fco G Im(i;3); and Im('i;3) = Im(ui) U {fco}- Note that this also 
proves that fkg is the only non-constant /j 's. 

Now let 2 G [fe] — {io} and consider Xu2{i)- Because 

{xi\le Im(vi) Ulm(t-3)} C {gi, • • • U {pi, • • • ,pj U {E,„ (1 {Do U D^o)), 
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U2{i) ^ lm{vi) U Ini(t;3); hence there is a j G [s] so that U2{i) = V2{j), and con- 
sequently Xu2{i) & Ei n Cj. Because C^'s and Ej's are in general positions, once 
Xu2{i) & EiD Cj, it does not lie in any other £'i''s and Cj''s. In particular, o V2 
defines an isomorphism [s] — > [b] — {io}- 

Combined, we see that the map ui U U2 U is injcctivc and thus is an isomor- 
phism. Similarly, wi]Jw2lJf3 is also an isomorphism. Therefore, by (4.6) and 
(4.7), we have 

when i G Im(Mi), i S Im(u2) — {io} and i € Im(u3), respectively. 

Putting them together, we have proved, in case 6 = 0, that = fi^ as partitions, 
that there is an integer £ so that is /i^ with £ added, and that A^ is /z^ with £ 
deleted. Furthermore, the decomposition of / has all but one component constant; 
the non-constant component is the one associated to the part £. □ 

Let ^ be the cohomology class on X^"! obtained from in (4.2) with 

A-A^ A-A^-A^ 

a_x2{ej) deleted. Similarly, we can define Ae ' , Ae ' \ etc. For example, 

^e""' - a-xi (q) . . . a_,i (q)Q_;,2 (62) . . . Q_;,. (eb)a_,3 {[X]) . . . o_,3 ([X])|0) . 
Corollary 4.2. Suppose A and ii fit into the case S = in Proposition 4.1, then 
(^e, Ac^)o.2,. = E (^^'^^e^""•) ' ( a_,. (e, ) |0) , a_,3 ( [X] ) 1 0) 

Proof. The proof is obvious and is omitted. □ 

Thus we only need to determine (a_£(e)|0), a_^([X])|0)))p ^ ^. For this we have 

Lemma 4.3. There exists a universal function c... such that for any positive inte- 
gers £ and d, and homology class e e H^{X), 

(a_,(e)|0), a_,(W)|0))o,2,, = Q,^ • (e • c,{Kx)). 

Proof. We first introduce the universal constant ct^d- We let J7 be a smooth analytic 
surface, let 6+ e H^{U, Kjj) be an analytic section vanishing along a smooth curve 
C C U, and let E C U be another smooth curve that intersects transversally with 
C at a single point p £ U . We can form the Hilbcrt scheme C/t^' as an analytic 
space and form the moduli of stable morphisms 2Ho,2(C/'^', d). By choosing U as an 
analytic open subset of a smooth algebraic surface, both Jj'^l and the moduli space 
are analytic spaces of a projective scheme and of a Deligne-Mumford stack; thus 
their existence are well established. 

We now apply the localization by holomorphic two-form to this moduli space. 
First, the form 6+ allows us to represent the virtual cycle 5 of 2Ho,2(C^'^', c?) as a 
homology class in the Borel-Moore homology group H^^^ {Ae^), of the set A^^ that 
is defined in (3.2). By the explicit construction of A^^, the Cartesian product 

Ae+ x^m {a-i{E)\0)) > Ag^ 



a-i{E)\0) — ^ C/M 
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is compact. Here l is the tautological embedding and evi is the morphism defined 
by evaluating on the first marked point. Hence because U^^^ is smooth, the Gysin 
map 

L* : i?r^(AeJ H,{Ae^ x^m (o_,(i?)|0))) 
sends a Borcl-Moore homology class to ordinary homology class. 

We let J* be the Gysin map associated to the taugological inclusion and the 
second evaluation map: 

Ae+ ia-e{E)\0)) > A9+ (a-£(^)|0)) 

(a_,(X)|0)) C/M. 
Note that {a^i{E)\Q)) is a closed subset of (a_£(X)|0)), and thus 

Ae+ xjjw {a-t[E)\Q)) x^w (a_£(X)|0)) = x^w (a„,(^)|0)). 
Then an easy dimension count gives us 

eHo(Ae+ xy[„ (q_,(£)|0))). 

We let ci^d be the degree of this cycle. 

We remark that by the construction of the localized virtual cycle 5 and by the 
property of the Gysin maps, the so defined number is universal in the sense that it 
does not depend on the choice of the surface J7, the form and the curve C, so 
long as 0+^(0) intersects E transversally at a single point. 

We define another universal constant ^ similarly. We keep the surface J7, the 
curve C, but replace the holomorphic two form 9+ by a meromorphic two-form 0_ 
that has no vanishing divisor and has a smooth pole divisor E that intersects C 
transversally at a single point. Then we take localized virtual cycle 5^ G Hf^^{Kg_ ) 
of 9Jlo,2(C^'''', rf), and define cj ^ to be the degree of the class 

e i7o(Ae_ xuw (Q-f(S)|0))). 

To proceed, we represent the Poincare dual of e as 

P.D-\e) = ai[^i] - a2[E2] + ao[So], 

where Ei and E2 are two smooth very ample divisors, i?o C A" is a Riemann surface 
disjoint from DqUDoo, and ai, a2 are non-negative rational numbers. Then because 

(a_,([i?o])|0),a_,([X])|0))„2,rf = 0' 
by the linearity of GW-invariants, we have 

2 

1=1 

Then since we can arrange Ei to intersects Dq and I?oc transversally, the above 
sum is 

{{ai[Ei] - a2[E2]) ■ [i?o])Q,d + {{ai[Ei] - a2[E2]) ■ [D^])cl^- 
In case cj^ ~ —ci,d, then it becomes 

{{ai[Ei] - a2[E2]) ■ {[Do] - [D^]))ci,d = (e • ci{Kx))ci,d, 

as desired. 
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The identity cj ^ = — Cf.d is easy to see. We let X be a smooth K3 surface. Since 
its Hilbert scheme is holomorphic symplectic, all its GW-invariants vanish. On the 
other hand, since Kx is trivial, we can find a meromorphic two form 9 so that Dq 
and I?oo are non-empty. Following what we just proved, say take E2 = 0, we have 

= [E{\ ■ [7^o]c£,d + [El] ■ [D^]cl^ 

for all smooth divisor Ei. This proves cj ^ = ci^d, and thus the Lemma. □ 

From the proof of the previous Proposition and the Lemma above, we can get 
the following result. 

Corollary 4.4. Let A and fi be as in Corollary 4-2, then 

5. The quantum first Chern class operator 
The Hilbert scheme X^"! admits a universal subscheme 

Z„ C X X, Z„ = | x G Supp(C)}. 

The sheaf Tri*{OzJ on X^, where TTi is the first factor projection, is a locally 
free sheaf of rank n. We use Ol"! to denote this sheaf. The first Chern class ci(C'["l), 
treated as an operator on the cohomology ring H*{X'^"^) via the cup product, plays 
the fundamental role in determining the ring structure of (see [Lehn, 

LQW, C-G]). Naturally, the action of ci(C'["l) on H*{X^'"^) via the quantum cup 
product should play the equally important role in the quantum cohomology ring 
We call ci(C'["l)U^ the quantum first Chern class operator on H;{X^"^) 
when it acts via the quantum product defined in subsection §2.2. 

When X = , the equivariant quantum first Chern class is determined in [0-P] 
via localization technique. The main task of the rest of the paper is to determine 
the quantum first Chern class operator for simply-connected surfaces. 

Consider the operator 

fc>0 kj>0 

Here for fc > 1, Tk, : H*{X) H*{X^) is the linear map induced by the diagonal 

embedding : X ^ X^ , and ami ■ ■ ■ {n, («)) denotes J2 °-rni ■ ■ ■ £1™^ (aj,fe) 

j 

when Tk,a = Y1 aj^i (g) . . . ® ajj^ via the Kiinneth decomposition of H*{X^). 

From Lehn's result [Lehn] (see [Q-W] also), M(0) is the first Chern class operator, 
M(0)(A^)=ci(o|^'l)UA^ 
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To calculate M{q){AI^), it suffices to carry out the following computations: 
a-fcOfc(T2.[-ft"x])(^(^), a-fea_^0fc+f(T3,[X])(A^), a_fc_fOfcO£(T3, (5.1) 
For the first term in (5.1), we have 

a_feafc(T2,[ifx])A^ 

S 

J2 {-f^f}ct-k{[Kx ■ Q])Ar'^ (5.2) 

t 

+ {-^4)a^,{[Kx])A>^-'''^ (5.3) 

i=l 
Mi =fc 

For the second term in (5.1), we have 

0_A;a-^0A;+f(T3,[X])A^ 

r s 

(-A*!)a-fea_,(^2*te])^r''' + Y (-M-)a-fca_,(T2*[C,])Ar''' 

i=l i=l 
t 

+ (-/^?)a-fca_,(r2.[X])Ar'''. 

i=l 



For the third term in (5.1), we have 
o_fc_^Ofea£(T3»[X])A^ 



Y {-^A)a-k-^ak{T2*[(l^\)A'i■ + Y (-M?)a-fc-«afe(T2,[C.»])Ar 

t 

f ^ (-M?)a-fe-£afc(T2,m)Ar'^' 



1=1 



2—1 j — 1 1 j — 1 

+ E E fc^a_fc_,([c,])Ar"'"''^' + E E fc^a-fe-KteD^r''^'"''" 

i— 1 J — 1 "i— 1 j — 1 

+ E E fc^a-fc-^([Q])^c + E E fc^a-fc-f([^])Ac 

i—1 J — 1 2—1 i— 1 

The following result is the analogue of the Proposition 4.1. 

Proposition 5.1. If {Al,M{q){Ai^)) is not a constant function of q, then either 
^{^/) = + 1 and £(A3) = ^(^i), or = and = + 1. 
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In addition, assume = ^(A^) + 1 and ({X"^) = ^(/i^)- Then A"^ — fi^ as 

partitions, and there exists an integer ^ = /if = A^ for some integers i and j such 
that the partition A^ is obtained from fj,^ with £ deleted, and the partition is 
obtained from A^ with I deleted. 

Proof. One can check easily, as cohomology class, M(g)(A^) is of cohomology de- 
gree deg A(f + 2. Now take with dcg^^ = 4n - 2 - dcg^^f . Therefore 

- + £(/ii) - £(/i3) + 1 = 0, i.e. (^(A^) - + - = 1. 

Since the second term and the third term in (5.1) only contribute to the constant 
term of (A^, M((7)(^(f)), we only need to consider the first term in (5.1). 

If ^(A^) - ^(/ii) < 0, then ^(/i^) > + 2. Then, for the terms in the sum- 

mation of (5.2) and (5.3), the number of terms a-fe([X]) is more than ^(A^), thus 
(^^Af(g)(A^))=0. 

Similarly, by symmetry, if - £(A^) < 0, we also have (^^, M(g)(yl^)) = 0. 

Therefore if (A^ , M((7)(^(f)) is not a constant function of g, we must have ^(A'^) — 
£(/ii) > and £(/i3) - > 0. Thus either £{n^) = e{X^) + 1 and ^(A^) = £{^i^), 

or €(//3) = £(Ai) and f (A^) = e{n^) + 1. 

Assume £(/i3)-£(Ai) = 1 and ^(A^) =e{fi^). If {A^, M{q){A^)) is not a constant 
function of q, then (^A'^, M'{q){Af^)') cannot be a constant function of q, where 

M'{q) = M{q) - M{0). 

The contribution from the terms in the summation of (5.2) must be zero since 
the number of terms a-k{[pt]) there is £{fJ.^) -I- 1 > ^(A'^). 

Each term in the summation of (5.3) has one more a_fc([curve]) term and one 
less a-i{[X]) term than A^'. Thus by the Heisenberg commutation relation, we 
prove the Proposition. □ 

Corollary 5.2. 

(A^,M(<z)(A^))-(A^,Af(0)(A^^)) 

Y: {A'^-'lAr'-'^XE^KxX-lYf 

l<i<t, 
l<J<fa, 

'^t 3 

6. The projective plane 

In Proposition 4.1 in §4, we see that the two point extremal Gromov-Witten in- 
variants can be reduced to the computation of the case (a_„([C])|0), a_„([X])|0))g ^ , 
where C is a curve. By Lemma 4.3, it suffices to carry out the computation for a 
particular surface. We choose the projective plane. Since it is a toric surface, we 
can use computations in [0-P] for the affine plane. 

The main purpose of this section is to prove the following result. 

Proposition 6.1. Let L be a line on the projective plane X . We have 

oo 

^(a_„([L])|0),ci(ON),a_„([X])|0))„3y 

d=0 

= (a_„([L])|0),M(q)(a_„(m)|0))). (6.1) 



1 1 
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Since X is a toric surface, we can use the localization technique to compute 
the corresponding equivariant Gromov-Witten invariants. Since both sides of (6.1) 
are non-equivariant, we get the conclusion of the Proposition 6.1. The equivariant 
set-up is as follows. 

Let [zi, Z2, Z2] represent a point in the projective space X = P^, and T = C* x 
C* X C* act on X by 

(S1,S2,S3) • [zi,Z2,Z3] = [siZi,S2Z2,S3Z3], for (si,S2,S3) £ T. 

We have H*{pt) = C[ti,t2,t3]. 

Let y be a T-stable subvariety of X. We use [Y] to represent the equivariant class 
Y Xj ET. By the abuse of notation, we also use [Y] to represent the corresponding 
dual cohomology class where D: H^{X) — > Hl{X) is the Poincare duahty 

morphism. Note the unusual convention on the degree of the equivariant homology: 
if Y has real codimension k in X, then \Y] is a class in HJ{X) (see [Vas]). 

There are three T-fixed points: 

gi = [1,0,0], 92 = [0,1,0], 93 = [0,0,1]. 
At 51, under the identification [zi, Z2, Z3] = [1, Z2I z^/ zi], the group T acts as 

(S1,S2,S3) ■ (22/^1,23/21) = {S2S^^ Z2/ zi, s^s'^'^ z^/ zi) foi (si, 82,33) G T. 

The normal bundle A^i of qi in X, as a T- module, is isomor phic toTf^r2©Tfir3, 
where Ti is the onc-dimcnsional representation given by (si, S2, S3) — > s^. Similarly, 
we also have 

N2 = T^^Ti e Ta-^Tg, 7V3 = Tg-^Ti T^^T2 

as T-modules, where Ni is the normal bundle of qi in X regarded as a T-module. 

Let Li be the line in X passing through 92 and 93, L2 be the line passing through 
qi and 93, and L3 be the line passing through qi and 92- Near 91, L3 is given by 
the equation 23/21 = and near 92, i3 is given by the equation 23/22 = 0. Thus 
by the localization, in the localized equivariant cohomology 

H^ixy - H^iX) ®c[t,MM C(ii, ^2, h), 

we have 

1 (^2-tl)[gi] (^l-t2)[g2] _ [gl] [g2] , . 

^ (i2 - tl)(i3 - h) ih - t2){h - t2) {h - h) (^3 - t2) ■ ^ ' 

Similarly we have 

[91] , [93] 



[i2] = 

[Li] = 



t2 — ti t2 — 
[92] ^ [93] 
ti —t2 ti — t^' 



[X] = - 1^ - + - 1^ - + - 1^ -. (6.3) 

^ ^ ih~h)it2~h) ih-t2)ih-t2) ih - t3)it2 - h) ^ ' 
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The anti-canonical class —Kx can be written as, via localization, 

[~Kx] 
= [ii] + [L2] + [is] 

[92] , [93] , [91] , [93] , [qi] , [92] 



ti-h h-h t2-h t2-h (ts-h) {h-t2) 

{t2 + h~2ti)[qi] , {h+h-2t2)[q2] , (ii +t2 -2t3)[<73] 



(6.4) 



{t-i - ti){h - ti) {ti-t2){h-t2) {ti~h){t2-h) 

We also have, by the excess intersection formula 

fei] • bi] = («i*bi]) • (*i*bi]) = n*(['7i] • «tji*bi]) = e'^(^i)bi] = - ii)(i2 - ti)[qi]- 

Here «fc : — *■ X is the embedding. We don't distinguish between [qi] with ii*[(7i] 
unless it is necessary. 

Let's introduce a convention. Let Yi be T-stable subvarieties oi X , 1 < i < k. 
We write 

a„, . . . a„, ([Yi X . . . X y,]) : = a„, ([Fi]) . . . a„, ([Ffc]). 
Recall the operator 

Ml \ v^^fc (-g)^ + l l(-g) + l^ , 



^ ^ {a.-ka^-ia-k+i + a.-k-iakO,i){T3^[X]). (6.5) 



2 

fc,^>0 



With all the notations ready, let's prove the Proposition 6.1. 



Proof of Proposition 6.1. Take L ~ L3. Given d > 0, we have 

(a-„([i3])|0),ci(0["l),a-„(W)|0))o,3,d 
= d(a„„([i3])|0),a_„([X])|0))^2,d 



(t3-ii) (^3-^2) 
""\(^3-ii)(<2-ii) (<3 -i2)(ti -i2) (ti-i3)(i2-t3)y /o,2,d 



1 



-(a-„([gi])|0),a_„([gi])|0))Q. 



^^(^7r^^)^(^73^(^-"(fe])|0), a-„([92])|0))„ 2,,- (6.6) 
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Let's introduction following notations for convenience. 

^ (<:-.:?h";) S<^Ff!^4!^)°-''fei'°-'fei)- 

9 = 77 rT77 TTZ^ o7 — \fc — 7 " o7 — ^ — rja-fe 93 Qfe • 



(i2- 


tl)it3~h) 




^- ^3 - 2t2 




t2)(i3-i2) 


h- 


+ t2 - 2t3 



< = J E 77 TTTT rT(a-.([9i])a-,([gi])afc+,([<7i])-a_,_,([<7i])a,([gi])a,([gi])), 

M^' = |E L _t ^ (°-fe([g2])a-^([g2])afc+£([(j2]) -a,fc-,([g2])afc([g2])a^([g2])), 

^■^3' = JE 77— 7177— 7l(^-'^(N)a-^(N)afc+^(['73])-a-fc-^(N)afc([g3])oKN)). 



2 



The terms (a_„(fe])|0), a_„(fe])|0))p_2,^ in (6.6) was calculated in [0-P]. In 
fact 



^d(a_„(fe])|0),a_„(fe])|0))„^2y 

d=l 

f;(a_„(te])|0),ci((!?N),a_„(te])|0))^3,g'^ 



d=l 

(a_„(te])|0), (Af;(9) + Aff - M;(0))a_„(te])|0)). (6.7) 



Now we have 



I k {-qf + 1 i (-g) + M , [ n 

k i-q)'^ + 1 1 i-q) + 1 



2 (-9)^ - 1 2 i-q) - 1 



fc>0 

E 

fc>0 

[{t^-m.-t,)^'' " '^^1 + (t,-t2)(t3-t2)[^^ " + (tl-t3)(t2-t3)[* " 

fc (-g)^ + 1 _ i (-g) + r 

2(-g)'^-l 2(-g)-l^ 

•( (^!-\V3-\) "-^^''^^^^'^-^''^^^^ + (t!-XV3-X) ^-''^['^^^^^^^['^^^^ 

+ (^i-XV2-\) ''^-^''^^"'^^''^^") 

A/{((j) + A/^((j) + Af^((7), (6.8) 



E 

fc>0 
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Similarly, we also have 



2 

k,e>o 



[qi X 51 X qi] 



1 / w X 52 X 92] 

1 / N . [93 X 93 X 93] 

2^ [a-ka-iak+e - a^k-iakae)(- 



= Af{' + + M'^ (6.9) 

The first equality comes from T^*{qi) = x x and the localization formula for 
X expressed in terms of fixed points qi . 

Combination of the formulae (6.6), (6.7), (6.8) and (6.9) gives the conclusion of 
the Proposition. □ 

7. General surfaces and applications 

7.1. General surfaces. One-point extremal Gromov-Witten invariants on the Hilbert 
scheme X^"! for a simply-connected projective surface X are computed in [L-Q]. As 
a consequence, the 3-point extremal Gromov-Witten invariants are computed for 
Xl^l and the Ruan's Cohomological Crepant Resolution Conjecture holds in this 
case. 

In this section, we will determine two-point extremal Gromov-Witten invariants 
of Xl"]. 

Theorem 7.1. Let X be a simply connected projective surface. Then 

Y,{Atc,{0^%A^,)^^^y = {AtM{q)A^,). (7.1) 

d>0 

Proof. Let L{q) denote the left hand side of (7.1) and R{q) denote the right hand 
side of (7.1). 

If i{X^) - i{fi^) + £(/i3) - e{X^) 1, both L{q) and R{q) equal to zero for the 
cohomological degree reason. 

If £{X^) - + - eiX^) = 1, but ^(A^) ^ £(^i) and ^ £{X^), by 

Proposition 4.1 and Proposition 5.1, we have 

L{q) =A^U ci(ON) u = L(0), R{q) = {A^, M(0) U A^^) = i?(0). 

Now £(0) = ^(0) follows from Lehn's result in [Lehn] (see [Q-W] as well). 
Next let's assume without loss of generality that £{ii^) = £{X^) + 1 and ^(A'^) = 

If A'^ ^ /i^, by Proposition 4.1 and Proposition 5.1, both L{q) and R{q) are 
constant functions of q. Therefore L{q) = L{0) ~ R{0) = R{q)- 

If A'^ — fJ'^, from Corollary 4.4 and Lemma 4.3, we get the formula 

L{q) - L(0) + Yl {At'^,A^''^){Ej,Kx) (^dQ^^g'^ ) . 

l<i<t, \d>0 / 

l<i<b, 
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From the discussion in §5, we get 
R{q) = {AtM{Q)A'i) + {Ai{M{q)~M{0))A^,) 
= (A^,il/(0)A^f) 

Now we need to determine cg^d explicitly. Since cg^d is independent of the surface 
X, it suffices to consider the case X = P^, A^ = ae{L) and = ae{X) where L is 
a line in X. By Proposition 6.1, we have 

^3j2dci,dq'' = (a_,(L)|0),(A/(g)-Af(0))a_,([X])|0)) 

^ \{-<iY-i i + J- 

Combination of all the formulae above gives us L{q) = R{q)- □ 

Thus wc sec that the quantum first Chern class has an explicit formula, i.e., it 
is the operator M{q). 

7.2. Application to Ruan's conjecture. In [Q-W], a vertex algebraic study of 
the cohomology j^{X^^'^) was carried out. There is an irreducible Hciscnbcrg ac- 
tion {pi{a)}i,^i,a^H'{x) on H^j^{X^"-^) with a highest weight vector |0). Therefore 
there is a natural isomorphism 

as vector spaces. There is a counterpart of the first Chern class of the tautological 
bundle on defined in [Q-W]. This class 0^{lx,n) G defines 

an operator b on via the Chen-Ruan product, which plays the similar 

role as ci(C'["l). ft has the expression 

b = X! {p-kp-epk+e + P-k-epkpe)iT3*[^])- 

k,l>0 

Therefore, a consequence of the Conjecture 2.1 for the operator b on Hq ji{X'^"''>) 
and the quantum first Chern class operator on H*{X^'^^) is the following equation 

(A^ci(ON)u^^^') = ($(A^),Oi(l^,„)Uci?$(A^^'))- (7.2) 

Recall that ci(C'l"l)U7r is the operator Af(— 1). Therefore the way to prove the 
formula (7.2), under the identification of Hciscnbcrg operators ak{a) Pfc(a), is 
to prove the operator 

Af(-l) = E {^-ka-gak+i + a_fe_fOfcaf)(T3*[X]). 

k,t>0 

Note that 

k {-qf + 1 _ 1 (-g) + 1 
2 {-qY - 1 2 i-q) - 1 
is well defined at g = — 1 by using L'Hospital's rule. In fact. 
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fk (-qf + l l (-g) + l \, ^ 
V2(-q)^-l 2(-9)-i; ^' 

and therefore 

Af(-l) = -i ^ (a-fea-fOfc+i. + a_fc_£afeO£)(r34X]). 

fe,£>0 

Thus we proved the formula (7.2). 

Remark 7.2. When the surface X is K3, the combinatfon of resuhs in [L-S] and 
[F-G, Ur] verifies Ruan's conjecture. When X = P^. it is is shown in [ELQ] that the 
three-point extremal GW-invariants for X^'^^ can be reduced to two-point extremal 
GW-invaraints. By the result in this paper, the three-point extremal GW-invariants 
for are determined. 
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